We study the radiative corrections to all K ℓ3 decay modes to leading non-trivial order in the chiral effective field theory, working with a fully inclusive prescription on real photon emission. We present new results for K µ3 modes and update previous results on K e3 modes. Our analysis provides important theoretical input for the extraction of the CKM element V us from K ℓ3 decays.
Introduction
With the advent of precision measurements in Kaon physics (see [1] and references therein), K ℓ3 decays offer the opportunity to probe charged current weak interactions at unprecedented levels. Most notably, with current experimental uncertainties, K ℓ3 decays allow one to access the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing angle V us at the subpercent level, and also provide competitive probes of lepton universality and the ratios of light quark masses. In order to fully exploit the amazing experimental achievements, it becomes mandatory to have theoretical control of these decays at the percent level or better. This requires quantitative understanding of the vector and scalar K → π form factors as well as the electromagnetic (EM) corrections. The framework to analyze the EM corrections is provided by Chiral Perturbation Theory (ChPT) [2] , the low energy effective field theory (EFT) of QCD, extended to include the photon [3] and the light leptons [4] as active degrees of freedom. ChPT exploits the special role of π, K, η as Goldstone modes associated with the spontaneous breaking of chiral SU(3) L ×SU(3) R symmetry, and provides a systematic expansion of the amplitudes in powers of the masses of pseudoscalar mesons and charged leptons (p ∼ M π,K,ℓ /Λ χ with Λ χ ∼ 4πF π ∼ 1.2 GeV) and the electromagnetic coupling (e).
In this article we present results on the electromagnetic corrections to the four K ℓ3 decay modes (K = K ± , K 0 ; ℓ = e, µ), based on a calculation of the amplitudes to leading non-trivial order in ChPT (O(e 2 p 2 )). For all modes, we focus on (i) the electromagnetic (EM) corrections to the Dalitz plot, which are needed to extract the momentum dependence of the K → π vector and scalar form factors from the experimental distribution; (ii) the integrated radiative correction to the decay rate, which is a crucial input in extracting the CKM mixing angle V us from K → πℓν[γ] decays. The theoretical framework for the calculation of electromanetic contributions to O(e 2 p 2 ) in K ℓ3 decays was presented in Ref. [5] and full numerical results on the K e3 modes were given in Refs. [6] , adopting a specific prescription for treating real photon emission and a specific factorization scheme for soft photons , which results in the partial inclusion of higher order terms in the chiral expansion. The novel features of the present work can be summarized as follows:
• Rather than using the soft-photon factorization procedure of Ref. [5] , we work here to fixed chiral order e 2 p 2 , providing the complete corrections to decay distributions and total decay rates to O(e 2 p 0 ).
• We give new results for K µ3 modes and update our previous analysis of K e3 modes.
• We use a fully inclusive prescription for real photon emission, which is more appropriate for comparison with the experimental results.
• We update the structure-dependent EM correction, using the recent estimates of the relevant low-energy constants (LECs) provided in Refs. [7, 8] .
Preliminary results of our analysis have been made public in conference talks and proceedings [9, 10] and should be considered obsolete after the current publication. The paper is organized as follows: in Section 2 we give an overview of various contributions to K ℓ3 radiative corrections and derive the relevant master formula for the corrections to fixed chiral order (O(e 2 p 0 )). In Section 3 we present our results for differential and total radiative corrections, discussing their uncertainty. In Section 4 we present our conclusions.
2 Radiative Corrections to K ℓ3 decays: overview 2.1 Generalities on K ℓ3 decays Let us briefly recall the main features of K ℓ3 decays. The invariant amplitude for the process
where
modes. The expression in square brackets corresponds to the matrix element π(p π )|V 4−i5 µ |K(p K ) , expressed in terms of the form factors f Kπ ± (t), which depend on the single variable t = (p K − p π ) 2 and are known to O(p 6 ) in ChPT [11, 12, 13] . To this order, a number of unknown LECs appear, of which only a few can be determined experimentally. A complete prediction to O(p 6 ) requires theoretical input beyond ChPT, either from analytic approaches [14] or lattice QCD [15] . For phenomenological applications, it is common to parameterize the form factors f + (t) and f 0 (t) = f + (t) + t/(M where the kinematical densities read (r ℓ = (m ℓ /M K ) 2 and r π = (m π /M K ) 2 ):
3 (y, z) = r ℓ (1 + r π − z − r ℓ ) .
In the analysis of K e3 decays, the terms proportional to A
2,3 can be neglected, being proportional to r e ≃ 10 −6 . Finally, the decay rate reads
where the integral extends on the physical domain D 3 defining the three-body Dalitz plot (see Ref. [5] for the explicit definition).
Radiative corrections: soft factorization vs fixed chiral order
The above description of differential distributions and decay rates is modified by EM effects, which involve the emission of both virtual and real photons. Short distance electroweak corrections can be lumped in an overall factor S ew = 1 +
, which is common to all semileptonic charged-current processes [17] . Long distance EM corrections to K ℓ3 decays can be studied within ChPT. The leading non-trivial corrections to the amplitudes appear to O(e 2 p 2 ) and imply corrections to the form factors, differential distributions, and decay rates starting to O(e 2 p 0 ) 2 . In Ref. [5] , it was argued that long distance EM effects can be taken into account by (i) a universal (i.e. non structure-dependent) shift in the densities A (0) i (y, z) accompanied by (ii) structure-dependent corrections to the form factorsf Kπ ± (t). This result was obtained by factorizing out of the amplitude the universal soft photon corrections [18] that are sensitive only to charges, masses, and momenta of the particles involved in the decay. While this recipe has the benefit of being simple and elegant, it inherently mixes different orders in the chiral power counting (e.g. the soft-photon corrections proportional to f Kπ − (t) only appear in the EFT calculation to O(e 2 p 4 )). As a consequence, the resulting decay distribution and rate contain not only the full chiral corrections of order e 2 p 0 but also incomplete higher order corrections, generated by the factorization procedure. Since we are studying a fully photon-inclusive rate, there are no large logarithms associated with the factorized soft-photon corrections and therefore the partial higher order corrections that are included with the recipe of Ref. [5] are not expected to give the dominant contributions to any given order: cancellations with unknown terms are possible. Motivated by this, in the present work we give the corrections to decay distributions and rates to fixed chiral order, namely O(e 2 p 0 ), to which the complete answer is known. We shall then use the comparison with the procedure of Ref. [5] as a validation of our estimate of the theoretical uncertainty.
The virtual photon corrections to all K ℓ3 amplitudes (K = K ± , K 0 and ℓ = e, µ) are known to O(e 2 p 2 ) [5, 6] , while the real photon emission was worked out explicitly in those references only for K e3 modes (and only for a specific prescription on the treatment of real photon emission [19] ). Our goal here is to provide a unified discussion of radiative corrections of O(e 2 p 0 ) to all K ℓ3 decay rates, working with the fully inclusive prescription on real photon emission. We now sketch the derivation of the corrections induced by virtual and real photon emission to fixed chiral order [O(e 2 p 0 )], and how they combine into a master formula for the inclusive rate.
Virtual photons
One-loop amplitudes involving virtual photons, together with the associated local counterterm contributions, induce an effective correction of O(e 2 p 0 ) to the QCD form factors f Kπ ± , of the form:
where M c is the relevant charged meson mass and
encodes the universal soft photon virtual corrections and is infrared divergent (thus it depends explicitly on the infrared regulator M γ ). On the other hand, the corrections δf Kπ ± (v) encode structure dependent effects through one-loop corrections and chiral low-energy constants [5] . We report their expressions in Appendix A in terms of functions defined in Ref. [5] .
Keeping in mind the chiral properties of f
, the effect of virtual corrections to leading order in ChPT amounts to the following O(e 2 p 0 ) shift to the differential distribution of Eq. 6:
Real photons
It is well known that only the inclusive sum of K → πℓν and K → πℓν + n γ (with n = 1, 2, ...) decay rates is infrared (IR) finite and observable. In the chiral power counting, the leading contribution to the radiative amplitudes
this is all we need for the analysis of the rates to O(e 2 p 0 ). To this order the radiative amplitudes read:
The resulting correction to the differential (or total) decay rate can be calculated from
where dΩ πℓνγ is the 4-body Lorentz invariant phase space. The square modulus of the radiative amplitude can be decomposed into the sum of an IR singular term (T IR ) and an IR finite inner bremsstrahlung term (T IB ), as follows
with the IR singular pieces given by:
.
The terms T Kℓ IR generate an infrared divergence when integrated over the soft photon region of the four-body phase space, while the remaining terms are IR finite. Integrating over all variables except y and z, leads to a correction to the Dalitz plot density of the form
where I 0 (y, z; M γ ) arises from T IR while ∆ IB 1 from T IB . The functions I 0 (y, z; M γ ) and ∆ IB 1 (y, z) depend on the cut on hard real photon emission. Results based on integrating over all kinematically allowed photon energies are known analytically [5, 6, 19] .
Finally, although both I 0 (y, z; M γ ) and Γ c (v, m 
and we end up with a finite correction to the Dalitz plot density:
Master Formula
After inclusion of both long-distance and short distance (S ew ) radiative corrections, the differential decay distribution reads:
This expression should be the basis to properly determine experimentally the momentumdependence of the QCD form factorsf ± (t) appearing inρ (0) (y, z). Corrections to the decay rate are obtained by integrating over the variables y and z. In the case of fully inclusive prescription on the radiated photon, the real photon EM correction should be integrated not only over the 3-body region D 3 but on the whole region D 4 allowed by 4-body kinematics. Taking into account all these corrections, the master formula for K ℓ3 decay rates reads:
where the strong isospin breaking correction is
and the EM radiative correction
receives contributions from the 3-body and 4-body kinematical regions:
Note that Ginsberg's prescription [19] for real photon emission, which was adopted in Refs [5, 6] , amounts to discarding the integral in Eq. 29. 
Results and discussion
The main outcome of our analysis are the differential corrections δρ EM (y, z) to the Dalitz plot density (Eq. 23) and the integrated corrections δ [20] .
In order to give numerical results, we have to specify the input parameters. The differential and integrated EM corrections to O(e 2 p 0 ) depend on a number of LECs of ChPT. The EM LECs are given by convolutions of appropriate QCD correlators with known kernels. They have been recently estimated in Refs. [7, 8] by replacing the QCD correlators with meromorphic approximants, in the spirit of the large-N C expansion. We use the results of Refs. [7, 8] Kℓ (λ i ), on the slope and curvature of the scalar and vector form factors, namely λ + , λ ′′ + , and λ 0 . For these quantities we use the results of a global fit to all consistent experimental data (i.e. without including the NA48 result) as reported in Ref. [1] :
The choice of this reference set of input parameters is very simple but somewhat inconsistent as the charged and neutral K parameters are distinguished by strong isospin breaking and EM effects [13, 23] . However, one should keep in mind that the uncertainty on I (although it has some impact on the extraction of V us through Eq. 25). In Table 1 we provide the I 
Corrections to the Dalitz plot
In Figures 1 and 2 we show a density plot of the ratio δρ
as a function of the variables y, z, corresponding to the input on λ i and LECs specified in the previous subsection 3 . The theoretical uncertainty on the LECs and higher order corrections induces an overall uncertainty of about ±0.3% in δρ EM /ρ (0) (λ i ). It is important to notice that the correction to the Dalitz distribution can be locally large (O(10%)) and does not have definite sign, implying possible cancellations in the integrated total EM correction. Table 1 summarizes the numerical results of the long-distance radiative corrections to fixed order e 2 p 0 , obtained using the central values for the LECs, slopes, and curvature of the form factors as described above.
Corrections to the decay rates
Two prominent features of the results in Table 1 can be understood on a qualitative level. First, the EM corrections to the neutral K decays are expected to be positive and sizable on account of the Coulomb final state interaction term between ℓ + and π − , that produces a correction factor of πα/v rel ℓ + π − ∼ 2% over most of the Dalitz plot. While the exact correction and the relative size of K 0 µ3 and K 0 e3 depend on other effects such as the emission of real photons, the qualitative expectation based on Coulomb interaction is confirmed by the detailed calculation. Second, the large hierarchy δ
admits a simple interpretation in terms of bremsstrahlung off the charged lepton in the final state. The probability of emitting soft photons is a function of the lepton velocity v ℓ which becomes logarithmically singular as v ℓ → 1, thus enhancing the electron emission. For typical values of v ℓ in D 4−3 , the semiclassical emission probability [22] 
The theoretical uncertainty to be assigned to δ Kℓ EM arises from two sources: the input parameters (LECs, λ i ) appearing in the O(e 2 p 0 ) correction and unknown higher order terms in the EFT expansion, starting at O(e 2 p 2 ). For the parametric uncertainty we find that:
• Experimental errors on the form factor parameters λ + , λ ′′ + , and λ 0 induce a fractional uncertainty in I (0) Kℓ (λ i ) and in δ Kℓ EM well below the percent level [1] . We can safely ignore this source of uncertainty in δ Kℓ EM .
• To the order we work, the electromagnetic LECs contribute a v-independent term to δf Kπ ± (v), which thus affects the decay rates as follows,
2 (y, z)
The coefficient of 2 δf + is O(1) while the coefficient of δf − is roughly 0.2 for K µ3 decays and completely negligible for K e3 decays, being O(m e /M K ) 2 . Taking a very conservative attitude, we assign a 100% fractional uncertainty to δf ± | LECs (using LECs central values from Refs. [7, 8] ), which induces an absolute uncertainty in all the δ Kℓ EM of about ±0.1%.
In order to discuss the error coming from higher order chiral corrections not included in our analysis, we find it useful to decompose (to each chiral order) the EM corrections δ Kℓ in terms of δ 1,2,3,4 :
Here δ 1 represents a correction common to all modes, δ 2 a correction anti-correlated in kaon isospin but blind to lepton flavor, and finally δ 3,4 are lepton-universality breaking terms, correlated and anti-correlated in kaon isospin, respectively. To O(e 2 p 0 ) we find δ 
This estimate is validated by comparison of the fixed chiral order results with the ones obtained within the "soft-photon factorization" approach discussed in Section 4 of Ref. [5] , which include a class of higher order chiral corrections (see Table 2 ) 4 . The only anomaly 0 ) ). The phase space integrals are calculated using slope and curvature parameters from the fit of Ref. [1] . The uncertainty estimate is discussed in the text.
-0.006 0.011 0.005 Table 2 : Summary of EM corrections to the K ℓ3 decay rates calculated according to the "soft-photon factorization" approach of Ref. [5] , which includes incomplete higher order terms in the chiral expansion. Comparison with the results of Table 1 validates our estimate of the theoretical uncertainties.
appears to be in the coefficient δ 3 , where we find δ 3 : −0.08% → −0.16% when going from fixed chiral order to the soft factorization scheme. This can be traced back to the cancellation between the negative contribution from D 3 (-0.31%) and the positive contribution from D 4−3 (0.23%). Multiplying these individual pieces by 0.2 gives ∼ 0.06 and ∼ 0.05, respectively, which is just the order of magnitude of the shift we are seeing (-0.08 → -0.16). Based on the above discussion, we bound the higher order uncertainties as follows: |δ | < 0.025%. Adding these linearly we estimate the uncertainties quoted in Table 1 for the total corrections. Finally, using the same bounds on δ e 2 p 2 i we estimate the theoretical uncertainties on the linear combinations which are relevant for lepton universality and strong isospin-breaking tests:
Conclusions
In this work we have provided a unified discussion of the radiative corrections of O(e 2 p 0 ) to all K ℓ3 decay rates. We have argued that through the calculation of K → πℓν amplitudes to O(e 2 p 2 ) in the chiral effective theory we can derive the complete corrections of O(e 2 p 0 ) to the Dalitz plot density and the integrated decay rate. We have systematically discarded higher order effects that are only partially known, and we have included the unknown effects in a generous estimate of the theoretical uncertainty. For the first time we have presented complete numerical results for the K µ3 modes, while also updating the previous analysis of K e3 modes.
The main outcome of our investigation is summarized in Table 1 , which contains the corrections to the total (fully photon inclusive) decay rates of all K ℓ3 decay modes (K = K ± , K 0 ; ℓ = e, µ). These results provide important theoretical input for the determination of the product f K 0 π − + (0) · V us from K ℓ3 decays at the 0.2% level [1] through Eq. 25. This task requires as additional theoretical input the factor δ Kπ SU (2) , which has been recently updated in Refs. [13, 23] . We refrain here from producing a number for f
the result reflecting most recent experimental data can be found in the Flavianet Kaon Working Group web page [24] .
Further reduction of the theoretical uncertainty on the corrections δ
EM
Kℓ would require an analysis of the amplitudes to O(e 2 p 4 ) in ChPT, which is beyond the scope of this work. At the moment there appears to be no immediate need for such an analysis, since the error on V us is dominated by the ∼ 1% theoretical uncertainty in f K 0 π − + (0), for which a compilation and discussion of theoretical results can be found in Ref. [1] .
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A Corrections induced by virtual photons: δf Kπ

± (v)
Using the notation of Refs. [5, 6] , and identifying f EM−loc ± of Ref. [5] with f ± of Ref. [6] , we have: 
